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1 + 4 

ABSTRACT. In this paper we study the problem : A^u^ = , > in A^; = Au^ = 

on dAg, where {A,. C M", £ > 0} is a family of bounded annulus shaped domains such that A^ be- 
comes "thin" as £ — > 0. Our main result is the following: Assume n > 6 and let C > be a constant. Then 
there exists £o > such that for any £ < £o, the problem has no solution u^, whose energy, lAu^p 
is less than C. Our proof involves rather delicate analysis of asymptotic profiles of solutions Ue when £ ^ 
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1 Introduction 

Let us consider the following nonlinear elliptic problem under the Navier boundary con- 
dition 

A^M = M^, u> in Q 
u = Au = on dQ, 



where is a bounded regular domain in M", n > 5 and q + 1 = 2n/{n — A) is the critical 
Sobolev exponent for the embedding H'^{Q) fl Hq{Q) into L'^'^^{Q). 

The interest in this type of equation comes from the fact that it resembles some geometric 
equations involving Paneitz operator (see for instance [9] and [10]). 
It is well known that if Q is starshaped, has no solution (see Mitidieri [15] and Van 

der Yost [17]) and if Q has nontrivial topology, in the sense that Hk{^l] Z/2Z) ^ for 
some e N, Ebobisse and Ould Ahmedou [11] have shown that Pi^l) has a solution. 
Nevertheless, Gazzola, Grunan and Squassina [12] gave the example of contractible do- 
main on which a solution still exists, showing that both topology and geometry of the 
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^E-mail adresses : khalil@univ-nkc.mr (K. El Mchdi), Mokhless .Hajmiiajiii@fss .rnu.tn (M. Ham- 
mami) . 



1 



2 



Ben Ayed, El Mehdi & Hammami 



domain play a role. 

In contrast with the subcritical case q < the associated variational problem happens 
to be lacking of compactness, that is the functional corresponding to -P(il) does not sat- 
isfy the Palais-Smale condition. This means that there exist sequences along which the 
functional is bounded, its gradient goes to zero, and which do not converge. Such a fact 
follows fron the noncompactness of the embedding of H^{Q) nHQ^fl) into L''~^^{Q). Since 
this lack of compactness, the standard variational techniques do not apply and therefore 
the question related to existence or nonexistence of solutions of -P(il) remained open. 
In this paper, we study the problem P{fl) when fl ~ is a ringshaped open set in R^and 
£ — > 0. More precisely, let / be any smooth function : 

which is periodic of period tt with respect to 9i, 9n~2 and of period 27r with respect to 
We set 

5i(/) = {xeM7^ = /(^i,-,^n-i)}, 

where (r, 6*1, On-i) are the polar coordinates of x. 

For e positive small enough, we introduce the following map 

Qe ■ Si{f) ^ ge{Si{f)) = 5'2(/), X I ^ g^{x) = X + EU^, 

where Ux is the outward normal to Si{f ) at x. We denote by {A^)s^o the family of annulus 
shaped domains in such that dA^ — Si{f) U S2{f). 
Our main result is the following Theorem. 

Theorem 1.1 Assume that n > 6 and let C be any positive constant. Then there exists 

n+4 

£0 > such that, for any e < Eq, the problem : A^m^ = tie"'', > in A^, = 
= on dA^, has no solution such that J^^ lAwgp < C. 

Remcirk 1.2 We believe the result to be true also for n — 5 (see Remark 3.2 below). 

The proof of Theorem 1.1 is inspired by strong arguments which we developed for the 
corresponding second order equation [7] . It involves rather delicate analysis of asymptotic 
profiles of solutions when e tends to zero. Compared with the second order case, further 
technical problems have to be solved by means of delicate and careful estimates. 
The plan of the present paper is as follows. In section 2, arguing by contradiction, we 
suppose that (P^) has a solution with a bounded energy and wc study the asymptotic 
behavior of such a solution, we prove that blows up at finite points. Then we give in 
section 3 the characterization of blow up points. Lastly, section 4 is devoted to the proof 
of our theorem. 
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2 Asymptotic Behavior of Bounded Energy Solutions 

In this section we suppose that has a solution Us which satisfies lAwgp < C, C 

being a given constant. Our purpose is to study the asymptotic behavior of when e 

tends to zero. We prove that blows up at p points (p G N*). 

In order to formulate the result of this section, we need to fix some notation. 

We denote by the Green's function of defined by: Vx e 

A^Geix, .) = c,A in A„ G^ix, .) = AG^ix, .) = on dA„ (2.1) 

where 6^ is the Dirac mass at x and Cn= {n — 4)(n — 2)|5'"'~^|. 
We denote by i/g the regular part of G^, that is, 

He{xi,X2) = \xi- X2\^~'^ - Ge{xi,X2), for (xi, X2) G X A^. (2.2) 

For p e N* and x — (xi, x^) e , we denote by M = M^[x) the matrix defined by 

M = (mjj)i<ij<p, where ma = H^{xi, Xi),mij = -G^ixi, Xj),i ^ j (2.3) 

and define Pe{x) as the least eigenvalue of M{x) {pe{x) — — oo if Xi — Xj for some i ^ j). 
For a e ]R" and A > 0, 5i^a,\) denotes the function 

= coA'^(1 + \^\x - a\^)^. (2.4) 

It is well known (see [13]) that if cq is suitably chosen (cq = ((n — 4)(n — 2)n(n + 2))~8~) 
the function 5(a,A) are the only solutions of equation 

A'^u^u^,u> (2.5) 

and they are also the only minimizers for the Sobolev inequality, that is 

S ^ mi{\Au\l2(^n)\u\-\„ , s.t.Aue L'^,ue L^,u^O}. (2.6) 

We also denote by PeS(^a,x) the projection of (^(a,A) on H'^{A^) fl Hq{As), that is, 

A'P.5(a,A) = A'5(„,A) in A„ APJ^a,X) = PeS(a,X) = On dA,. 

Lastly, let :— H'^{As) fl Hq{As) equipped with the norm ||.|| and the corresponding 
inner product (., .) defined by 

= (^J^JAu\^y^\ {u,v) =j AuAv, u,veE, (2.7) 

and we define on \ {0} the functional 



\u\ 



4— n 

2n 



Uu) = ^J^ \Au\'j \^J^ |«|^ j (2.8) 

whose positive critical points, up a multiplicative constant, are solutions of P^. 
Now we are able to state the main result of this section. 
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Theorem 2.1 Let be a solution of problem P^, assume IAm^P < C, where C is 
a positive constant independent of e. Then, after passing to a subsequence, there exist 
P e N% (oi,^, ap,J e AP and (Ai,^, Ap,^) e {R^T such that 



Up 



i=l 



0, Xi,e +00, Xi,edi,e ^ +00, Eij aS £ ^ 0, 



where di^^ = d{ai^s, dA^) and where Sij = + ^ + K,eXj,e\ai,6 - aj^H' 



n — 4 
2 . 



The goal of this section is to prove Theorem 2.1. To this aim, we begin by proving 
the following lemma : 

Lemma 2.2 We have the following claims 



I 

J A, 



I Ai^el^ -/-^ 0, when e — > 0. 

2. Ms — > +00, when e — > 0, where = \us\L°°{Ae)- 

2 

3. 3 c > such that for e small enough, we have sM^~'^ > c. 
Proof. Since Ue is a solution of Pg, it is clear that 

n 1 



(I 



71 — 4 

2n \ " 1 



\Aup 



2n 



where S denotes the Sobolev constant defined in (2.6). Thus 



Sr, :^S-^< / lAu 



J A. J A, 



ur^ < ceMr^. 



'Ae JAe 

Therefore Claims 1 and 2 are proved. To prove Claim 3, we observe that 



In 8 



I u^{x)dx. 

J A, 



Now it is clear that 



/ ul{x)dx^e'' [ vl{X)dX, 

J Ae J Be 



where Vi;{X) = Ue{eX) and where = (p{As), with ip : x \ — > ^{x) = e ^x. 
Notice that 

£" / vl{X)dX<—f \Av,(X)\^dX = - [ \Au,(x)\^dx, 
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where Cg is the least eigenvalue of on with the Navier boundary condition. 
Thus 

As in Lin [14], we can prove that lim£;_»oC£ — c > 0, therefore Claim 3 holds and our 
lemma follows. □ 

~ 2 

Now let — M^~'^{As — ai,e), where ai,£ G such that = Ue{ai^e), and we denote 
by Vs the rescaled function defined on A^ by 

v,{X) = M-\,{ai,, + Mr~'X). (2.9) 
It is easy to see that satisfies 




< < 1 in 
I'p = At;p = on dA^. 



(2.10) 



Observe that 



AwJ" = / iamJ" = / vr' = / ur' < c. 



2n f 2n 

n—4 I ^ , n— 4 



Let us distinguish the following cases: 

1. Mr^d{ai,„ dA,) +oo, when £ ^ 0. 

2. Mr^d{ai,„ OA,) tends to 0. 

2 ' 

3. Mi'~*d{ai^s: dA^) is bounded below and above. 

As in the proof of Lemma 2.3 [7], we can show that case 2 cannot occur. Now we are 
going to prove that case 3 cannot also occur. Arguing by contradiction, let us suppose 
that case 3 occurs. Then it follows from (2.10) and standard elliptic theories that there 
exists some positive function v, such that ( after passing to subsequence ), ^ v in 
^foc(^)' where Q is a half space or a strip of R", and v satisfies 

A^v = v^, < f < 1 in 1] (2 11) 

v{Q) = 1, -y = Av = on aO. ^ ' ^ 

But if Q is a half space or a strip of M", then v must vanish identically (see [15]). Thus we 
derive a contradiction. So we are in the first case and therefore there exists some positive 
function v, such that (after passing to a subsequence), — > v in Cf^^lM."'), and v satisfies 
(2.11) with Q = M" and without boundary conditions. It follows from Lin [13] 

v{X) = 5(o,a„)(X), With = {{n - 4)(n - 2)n{n + 2))-'/\ 

Hence 

M-'u,{a^,, + Mr'X) - <5(o,a„)(X) ^ in CfjR^), when e ^ 0. 
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Observe that 

M-'u,{a,,, + Mr'X)-S^o,ar.){X) = {u,{x) - S^a,,.,^,^^^)) , with Ai,, = a^Mr' ■ 
In the sequel, we denote by ul the function defined on by 

ulix)=u,ix)-P,6^a,,,,x,,){x). (2.12) 

Notice that Ai^^ +00 and \i^ed{cLi,e, dAir) — > +00 when £ ^ 0. 
Now we need to prove the following lemma : 



Lemma 2.3 Let ul be defined by (2.12). Then we have 
i / A'^ul = \ul\^^ul + Qir, with IosIh-'^ ~^ ? when £ — >• 0. 

iii / J^^ \ul\^-i = j^^ - 5'n + 0(1), where Sn ^ . 

Proof, i/ We have 

n-\-4: n-\-4: ti-|-4 ti-|-4 

A'^ul = ur^ - Sr^ . s = lull^ul + Qe, with g, = ur^ - . s-\ul\^ul. 
Observe that 

where Ps6 = Pe5(ai_,,Ai,^), 4 = ^(ai.^,Ai,^) and 9e = Se- PeS. 

Since L"+4 H~^, it is sufficient to prove that 

f 2n r ^ 16» 

/ \u, - P,S\^ ^ and / 4"+* l-Ue - PsS\^^ 0, when e ^ o. 

Observe that 

16n 16n 16n ^2n_ 

SF^' \u,-P,6\^^ <c / |m, - 4 1 ^ + c / 

Ae J Ar 



< c L %ra:)ix)\Mx)-M-%{a^,, + Mr'x)\^^dx + o{ \e, 



Q 1+4 

7£ 2n 



I As ™ V 

The function 9^ satisfies (see [8]) 

|^,Uw(n-4) = O ((Ai,,di,,)(^-")/2) = 0(1). (2.13) 

2n 

Regarding the first term, let be a large constant such that f^,i\B{o R)^(o~an) ~ '^W- 
Then, using the Holder's inequality and the fact that -f;2n/(n-4) ^ derive that 



8 

^i^)i^)hiX) - 5(o,.„)(X)|^dX <cJ[ Sf^:^ = o(l)(2.14) 
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Now, we need to estimate the following integral 

Jb{o,r) Jb{o,r) 

when e — i> 0, indeed Vg — 5(o,q„) — ^ in C^^J^^. 
In the same way, we prove that 

/■ -22>_ 16n 

/ l-Ue - Pe^l — ^ 0, when e — ^ 0. 

ii/ We also have 

/ \Au'f=[ \Auef+[ \AP,S\'-2[ AueAPed. 

J Ae J As J Ae J As 

Observe that 

r f n+4 f 2n f n+4 

/ \AP,6\' = / 6r'PeS= / sr'- sr'e, 

J As J As J As J As 

f 2n C n+4 f 2n f n+4 

- L ^(U) - / ^^"-'(^^ = - / ~ - / 

JAe J As Jw^\As J As 



For the 2nd integral, we have 



n+4 . 
— ■ — 4 — n 



6e"-'9, < C%\^2n < c{Xi,,d{ai,,,dA,))— when £ ^ 0, 
For the first integral, we have 

2n 

A"-4 = o(l) 

(0,an) ^ ' 

— ■ 2n 

indeed — > W and (5(o,a„) e Then 

/ |AP,(5|2 = 5„ + o(l). 



We also have 



Observe that 



/ Au,AP,8^ f A{u, - P,5)AP,6 + f \AP,5\ 

J As J As J As 



/ A{u, - PJ)AP,5 = / (u,- P,5)5r' = / {u,- 5,)5r' + / 0,5^ 

J As J As J As J As 

f nil 
= L(^e-Va.))<^(0i)+«(1) 



n+4 r n+4 



7b(0,J?) JM"\B(0,il) 
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Notice that, on one hand 



/ 



n+4 / r 2n \ 2n 



\B{Q,R) \Jr^\B{0,R) 



On the other hand 

n+4 



Ve - <^(o,a„))(^(o,a„) = ^(l)' si^ce V, — ^ 5(o,a„) in Cf„,(M"). 

B{0,R) 

Then 

Aii,AP,5 = >5„ + o(l). 



/ 



Thus Claim ii/ of Lemma 2.3 follows. 

iii/ The proof of iii/ in Lemma 2.3 is similar to that of ii/, so we will omit it. □ 

Now we distinguish two cases : 

i / /^^ |Au^p — > when e — ^ 0. 

ii / JTJ^ |Aii^p 7^ when s — ^ 0. 

If |Am^P — > , the proof of Theorem 2.1 is finished. 

In the sequel, we consider the second case, that is l^'^eP 7^ 0, when e — > and we 
are going to look for a second point of blow up of u^- 

In order to simplify our notation, in remainder we often omit the index e of and A^. 
Let us introduce the following notation : 



n — 4 



u,{a2):^X2' max u,{x) (2.15) 

fi — 4 n — 4 n 4 ^ ^ 

h^— max \x — ai\~^ Us{x) = \ai — a2\~^ Ue{a^) = \ai — a2\~ X'i'^ . (2-16) 

B(ai,2£) 

We distinguish two cases : 

Case 1. /le — > +00 when £ — > 0. 

Case 2. < c, when £ ^ 0. 

Now we study the first case, that is, /i^ — > oo when £ ^ 0. 
Let 

2 

A4 = max(A2, A3) := Ue'* (04). 
For X e B{0,^\ai - 04]) n D^, we set 

4 — n 

^^(X) = A4^ M£(a4 + X^^X), with = A4(74£ — 04). 
It is easy to check the following claims 

A4|ai — 04! > (l/2)A3|ai — 03], and A4£ > (l/2)A3|ai — 03]. 
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Thus 

A4|ai — 04! — > +00 and X^e — > +00 as £ — > 0. 

We also have 

w,{X) < c, yx e B{0, (l/2)A4|ai - 04!) n D,. 

By an argument similar to the one used after the proof of Lemma 2.2, we have 
A4(i(a4, dA^) — > +00, as £ — > 0. Thus, there exist 6 e and A > such that 
We — >■ 5(6,A) in Cfoc(^")- Therefore we have found a second point of blow up 02 of with 
the concentration A2 in this case (02 = 04 + b/X4 and A2 = AA4 ). 

Next we study the second case, that is, remains bounded when £ — > 0, where he is 
defined in (2.16). In this case we consider two subcases. 

i- /iJ(ai,2.)l«el^ ^OaS£^0. 

L(ai,2s)l«sl^ -^0^^^0- 
Let US consider the first subcase. Clearly, we have ^^^^^ IWeP"'''''^"'^^ and 

f /. \ D/ o ^ — > 0. Then, there exists c > such that 

JAe\B{ai,2e) (ai,Ai) ' 

< c < / uf^ < cXl I ul< c{eX2f. 

JAe\B{ai,2e) J Ae 

Hence, there exists c > such that 

A2|ai — 02! > A2£ > 2c. 
Now, for X e Ee — X2{Ae — 02), we introduce the following function 

4 — n 

Ue{X)^X^' Ue{a2 + X^'X). 

We also have A2rf(a2, dA^) +00. It is easy to see that satisfies 

U,<1, in 5(0,(l/2)A2|ai-a2|). 

Thus there exists & e M" and A > such that Ue S(^b^x) in Qocl^")- Therefore we 
have also found a second point of blow up 0,2 of Ue with the concentration A2 in this case 
(02 = 02 + b/X2 and A2 = AA2 ). 

Now we study the second subcase. To this aim, we introduce the following function 
defined on Fe — e~^{Ae — ai) by 

We{X) ^ e'^uliai + eX). 
Observe that Fe "converges" to a strip of when £ — > 0. We notice that We satisfies 

" A^We = \We\^^We + fe m Fe 

We = AW^, = on dFe, 
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with Ifeln-'^iFs) — >■ as £ — >• 0. 
We also have 



/ \W,\^ ^ / \ul\^^0, ase^Oand / \AW,f ^ / \Aul\'^ < C 



It is easy to check that there exists some fixed domain F C 5(0, 2) fl such that 
|]4/^|n-4 almost everywhere and liy^l"-* ^ in L [F). From Dunford-Pettis'Lemma 
([5]), we have 



2n 



35o>0, 3a^>0,a^^0, 3b^ e F s.t. / \We\^ > So. (2.17) 

JB(be,ag)nFe 

We can choose and such that is minimum and /^(^^ ae)nFs l^el"^ — '^o- 

Lemma 2.4 Let {a^,b^) be defined by (2.17) and let A2 = {eas)~^, and 0,2 — Oi + sb^. 
Then we have 

Ai A2 - 2 

> +00 or > +00 or AiA2|ai — 02]^ — ^ +00 when s — > 0, with Ai = Me""*. 

A2 Ai 

Proof. We argue by contradiction. Let us suppose that A1/A2, A2/A1 and AiA2|ai — a2p 
are bounded when e — > 0. 

For X e As :— Xi{As — oi), we introduce lo^ defined by 

LJ,{X) = M-^uKai + Xi^X). (2.18) 

Observe that, on one hand 

/ \uj,{X)\^^dX = / \ul{x)\^*dx 

J B{Xi{a2~ai),Xi/>^2)nAe J B{a2,l/\2)nAe 

= / \W,{X)\^dX ^5o>0. 

JB{bg,ae)nFe 

On the other hand, since Ai|a2 — ai| and A1/A2 are bounded, we have 
3R > Osuch that S(Ai(a2 - Oi), A1/A2) C B{0,R). 

Thus 

[ Juj,{X)\^dX < I ^ \u,{X)\-^^dX 

is(Ai(a2-ai),Ai/A2)nAs J B{0,R)nA, 

= /" ^ \M-\,{ai + X]:^X)-M-^PJ{ai + X]:^X)\^dX 

JB(0,R)nAe 

I 1 / N 1 2n / , , , , 2ra 

< C / \V,- 5(o,a„)(X)|^ + C / \d,{x)\—^. 

Jb{o,r) Ja^ 
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Therefore 

f _ \W,{X)\^dX — ^ when e — ^ 

which yields a contradiction and our Lemma follows . □ 
Now we set — X2{A^ — 02) and we introduce the function defined by 

_ (4-n) 

Observe that 

f _ - / \ul\^^So>0, [ \AVef<C, [ < C.(2.19) 

is(o,i)nis J 3(0.2,1/ X2)nA^ J J 

It is easy to see that there exists some functions V such that (after passing to a subse- 
quence), — )• V in Hf^^{Q) and V satisfies 



(2.20) 



where Q is a half space or a strip or a M". 
Prom (2.19), it is easy to see that V 

Lemma 2.5 Let V he defined by (2.20). Then we have V >0. 
Proof. We have 

V,{X) = {u,{a2 + X^'X) - 5(„,,,,)(a2 + X^'X) + 0(a,M){a2 + X^'X)) . (2.21) 

Thus, it is sufficient to prove that 

„ (4-n) 

A2 ' <^(a„A0(«2 + X^'X) in Hl^iW^). 



Observe that 



_ (4,-n) \ 2 

le I I A2 ^ , — 1 dX 



/ n— 4 . (n+4)/(n-4) 

/ 

Jb{o,r) \ (1 + Xf\a2 + X2^X - ai\ 

= (^<"^^"7 7 ^ 

^2 ^s(o,H) (l + (A,/A,)'|X-A,(o,-S,)p)' 

If A1/A2 — >■ it is clear that — >• when e — >• 0. If A1/A2 — >■ +00, let y = {Xi/X2)X. 
Thus 

X /• / 1 \ ("+4)/2 

h<{^r-'''' dy^Oase^O. 

Xi Jru \1 + \y - Xi{ai - a2)\^ J 
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Lastly, if A1/A2 -/-^ +cxd and A2/A1 -/-^ +00, then, by Lemma 2.4, we have 

AiA2|ai — 02!^ — +00, when £ — > 0. 
Observe that for X e S(0, i?), we have 

\X - A2(ai - 02)1 > |A2(ai - 02)! - 1^1 > c|A2(ai - 02)!. 



Therefore 



< (t^) / ^ < ^ — > 0, as £ ^ 0. 

A2 Jb(o,«) (^^(A,)2|a,(«^_^^)|2^ ^ (AiA2|ai-a2P) ^ 



Then our Lemma follows. □ 

Now, from [15], we derive that ^2 = M**. Thus, using (2.20) and Lemma 2.5, we also 
obtain a second point of blow up of in this case. Thus in all cases we have built a 
second point 02,5 of blow up of with the concentration A2,£ such that A2,£ — > +00 and 
A2,e(i(a2,e, d +00 as £ ^ 0. It is clear that we can proceed by inductions. Thus we 
obtain a sequence {v!l)k such that 

\ |A«,T= / |Am^1|2-5„ + o(1)= /" |Am,|2-A;5„ + o(1). 

J Ae JAe JAe 

Thus 

0< / |Am^|2= /" \Au,\^-kSn + o{l)<C-kSn + o{l). (2.23) 

JAs J As 

Since the later term in (2.23) will be negative for large k, the induction will terminate 
after some index p e W. Moreover, for this index, we obtain desired claims in Theorem 
2.1. 



3 Location of Blow up Points 

In this section, we give the characterization of blow up points which we found in section 
2. Namely, we prove the following crucial result : 

Theorem 3.1 Let ai^^,..., Op^g be the points given by Theorem 2.1. Then we have p > 2. 
Moreover, if n > 6, we have : 3k < p,3ii, ...,ik G {1,2, ...,p} such that 

(^"~V£(«w,£, aik,s) 0, d"~^Vp^(aji,£, ai,,^) 0. 

In addition, we have Vm, / G {1, k} \ai^^e " ciii,e\ < Cod, where 

d — min {(i(aj;^e), dA^) /I < I < k} and Cq is a positive constant independent of e. 
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Remark 3.2 We believe the result of Theorem 3.1 to he true for n = 5. For n = 5 our 
method also proves easily d"'~^Pe{aij^^s, ...,aii_^s) — >■ 0, but for the proof of d'"~^'Vp^{ai^^s, ■■■,0'ik,e) 
goes to when e ^ 0, we need a more careful estimates of the rests in Propositions 3.4 
and 3.5 below. 

To proceed further, we introduce some notation. 
Let, for p eN* and 77 > given 

Ve{p,v) ={ ueE^{A^) s.t3xi,...,XpeA^,3X^,...,Xp>0 with 

C{p)j2PeSi..,x.) 



u 



i=l 



1 1 

< f], Mi Xi > -, Xi d{xi, dAe) > -, 
V V 



^ij^j Eij ^ + ^ + XiXj\xi - Xj 

Aj Ai 



<v}, 



where '^^{A^) = {u e Eju > 0, ||m|| = 1}. 

If a function u belongs to rj), then, for 77 > small enough, the minimization problem 



mm 



U 



1=1 



(3.1) 



has a unique solution, up to permutation (the proof of this fact is similar, up to minor 
modifications, to the corresponding statement for Laplacian operator in [3]). 
Therefore, for £ > sufficiently small. Section 2 implies that solution of ) can be 
uniquely written as 



(3.2) 



1=1 



where satisfies the following conditions : 

and ai ^ satisfies : 

(J(n,))"/("-^)4/r' = l + «(l),Vj 

In order to simphfy the notations, in the sequel, we write a^, a^, Aj, 5i, P6i and 9i instead of 
Q;i,£, tti^e , Ke, S{ai,„\i,,), P8{ai,,x,e) ^nd 6'(a,_„Ai,,) respectively and we also write instead 
of %. 

First of all, we deal with the Vg-part of u^. 

Proposition 3.3 Let be defined by (3.2). Then we have the following estimate 



n — A 



log{Xidi) 



ifn < 12 



n+4 



+ E 4^""'' {Loge^') ~ ^fn> 12. 
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Proof. From (3.2), we derive that 



n+4 



n+A 
n—4 



Thus, since J{u^ is bounded. 



I 1 9 / \ ^ 



n + 4 
n - 4 



where 



Then 



where 



<f,v>-- 



(3.3) 



Q{V,,V,) = J{U,)^^ < f,V, > +0(||^;,||*2n/(n-4)))^ 



n - 4 



PSi<PSi 



psr' P5^vl 



Observe that, since J(Me)"/^""^^Qii^^""^^ = l + o(l) and /((^i^j)"/^""^^ = o(l), then ^(v,^) 
is close to 

and therefore Q is a positive definite quadratic form on v (see [6]). 
Thus there exists cto > such that 

Ikll<^'l/I- 



Hence 

Now we estimate |/|. We have 

<LVe> 



P n+4 r n+4 I f 



P5r^P5j\v,\ 
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Observe that 



r n+A r n+l / r _8_ \ 

/ psr'v, = / v,5r'+o{ / sr'0i\ve\] 

JAe JAe \J A^ J 



'B{ai,di) / \JR^\B{ai,di) 



n+4 

\v. 



where di — d{ai, dA^). 
Thus 



/ 

J A, 



P5pv, = 0\ \\v. 



n+4 
16n. \ 2n 



iL°° 1 / 5; 

' B{ai,di) 



+ 



n+4 - 



B'={ai,di) 



(3.4) 



Notice that 



f ^ 
/ 

JM."\B{ai,di) 

and, since |^j|L°° = 0(X\'^~"'^^'^df~'^), we have 

1 



2n_ / 1 



n+4 
16n \ 2n 



= 



where B — B{ai,di). Therefore 

1 



^ + (if n = 12)^^-j^ + (ifn < 12)- 



{\diY' 



/ 

J A, 



n+4 



{Xidi 



^ + (ifn = 12)^^ + (ifn<12)^ 



{\diY- 



1(3.5) 



We also have 



PSi<PSi 



PSr'PSj\v,\ <\\Ve\ 



n+4 



pd,)^^ps,y^' 



(3.6) 



If n > 12, we have ^ > ^ and thus 

— ' hA-A — 77.— 4 



n+4 — n— 4 



/ {P5rP5,)^^ < f (6,6,)^^ = O (el^'LogerA . 

JP5j<P5i J ^ ^ 

If n < 11, we have 1 < thus, using Holder's inequality, we derive that 



(3.7) 



2(n.-4) 

n+4 2n 2(n-4) 



Using (3.5), (3.6), (3.7) and (3.8), we easily deduce our proposition. 
Next we will give useful expansions of gradient of J. 



(3.8) 
□ 
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Proposition 3.4 For n > 6, we have the following expansion 



VJ(iie),A, 



dPS, 



2J{Ue)ci 



(n-4) H^{ai,ai) 



-a 



(1 + 0(1)) 



dsjj (n - 4) Hs{ai,aj 
2 (A,A,)^ 



^ (1 + 0(1)) + it: 



where R satisfies i? = o (^Efe [x.dlr-s + T^k^r ■ 
Proof. We have 



VJ(«e) = 2J(m,) 

Thus, setting = \{dP5i/d\i) and using Proposition 3.3, we have 



n+4 

u,- J{u,)^^A-\ur') 



(3.9) 



(VJ(M,),<^i) =2J(«,) 

n + 4 



+ 



n-4 

Notice that if n > 6, we have 

p 



Y,^,P6, 



n+4 

n — 4 



+ R. 



(3.10) 



Furthermore 



'aiPSi)n-4ip-v, + I 



P6;-'P6r\v,\ . (3.11) 



PSr<PSk 



I 

J P5r 



P5rP5;-'\vs\ 



<P5k JP5r<\Ve\ 

2 



I 



P5lP5;-' 



P5r<PSk 

2(n-4) 



O ||^;,||^ + ( if n< 7) / {5r5k)—^ + ( if n > 8) / (Mfe)^ 



0{\M' + {iin<7)el{logs^,\ 



2(n-4) 



P5r'^.A,^ = 0| lit;, 



/ 

JB{ai,di) 



P5r'v.\ 



\B{ai,di) 

dP5, 



+ (ifn>8)£,7*/o^£,-;j, (3.12) 
^ (3.13) 



{Xidi 



dSi 



< 



OiWv. 



n+4 



16» \ 2n f 85 j 



+ o{ I 6r'vA 

Bi 



(Xidi) 



1 _^rf ^n^ Log(Xidi) 1 
^ + [tfn = 12) + (z/n < 11) 



(A,di)^ 



(Ai(ii) 



n— 4 



. (3.14) 
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Now, we need to estimate 
p p 



+ J] O (( if n < 7)4(W^,;)^ + ( if n > 8)5,f^/o<7^.,;) (3.15) 

Now we observe that a computation similar to the one performed in [2] and [16] shows 
that 



dPSi^ n — 4 H{ai,ai 



^, dPS. 



a: 



n— 4 



+ 



1 



1 



5 PA. 



and for i ^ j, we have 



8A, 2 (A.A,)^?' 



/ 



k=i,j 



{Xkdk) 



1 ra- 2 



n-2 ' «J 



(3.16) 
(3.17) 

(3.18) 



n+4 /9pA. 



+ ( if n < 7)0 



1 > 



(3.19) 



/ ^'^^■^^^^^'^^^^ ^'^^ + ( if n > 8)0 (e^-/o^(e-.^) + 



1^ ^ /o5((Aio[i)\ 

(Aid,)" y 



+ ( if n < 7)0 



{XidiY- 



(3.20) 



Now, the estimates (3.10),..., (3.20), and the fact that J{u^)-^-'^aj * = 1 + o(l). Proposi- 
tion 3.4 follows. □ 

Proposition 3.5 For n >6, we have the following expansion 

1 dP5i 



J{u)ci 



Xi dtti ^ 

1 dH^{ai, a. 



A,(A,A,)"^' 9a^ 
where R is defined in Proposition 3.4- 



(1 + 0(1)) + O ( ^ Ajloi - aj\e 



n-l 

n — 4 



dtti 
+ R, 
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Proof. As in the proof of Proposition 3.4 , we obtain (3.10) but with Aj ^{dP6i)/{dai) 
instead of Xi{dPSi)/{dXi). Now, using Proposition 2.1 of [8], we derive that 

and for i ^ j, we have 

A, aa, ^ [X, da, (A,A,)^ A, da, 

ji±4ldPS 1 dP6i. , , / n logiX.d.] 



+ ( if n < 7)0 



Sijilogej/y 



I 



+ ( if n < 7)0 



Using the above estimates our proposition follows. □ 
Next we are going to give the proof of Theorem 3.1. 

From Proposition 3.4 we easily derive that p > 2. Now for i e {1, , we introduce 
the following condition 

p 

< X;^^K'«.•)(A^A,)^. (3.21) 

We divide the set {1, into Ti U T2 with 

Ti — {i/ i satisfies (3.21)} and T2 — {i/ i does not satisfy (3.21)} . 

In T2 wc order the X'^s: Aj^ < Ajj < ... < Aj^. 
We begin by proving the following Lemma: 

Lemma 3.6 For n >6, we have the following estimate 



(a) {Sij + {XidiY'"^) ^ Ri, with Ri = o 



n — 3 
n — 4 
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k,reTi VfceTi / 



Proof. We start by proving claim (a). Using Proposition 3.4, we derive that 



dPSi 



k=l i— 1 



77,-4 



E2' 



k=l 



de 



..^^(1 + 0(1)) 



^{l + o{l)) + R 



(3.22) 



Notice that 



-A, 



dsij n — A 



Sij I 1 - 



2A_, 

X 



'J 

'-ij 



(3.23) 



(3.24) 



Thus, if Aj > \j and i, j in T2, we have 

9£y (96,^ a£ij _ n-4 ^ / (n-2)/(n-4) 

"^^^ 9A7 " ^a; - "^^ 9A7 - + ^ l"'^ 

For j G Ti and i E T2, two cases may occur : 
i/ <di< 2dj. 

Using in this case the fact that j satisfies (3.21) and H^{ai, a^) < {didk) '2 ' , we obtain 



,Aj 

•A,; 



. n — 4 

) ^ < 



Aj' n-4 ^ — \ H^(Oj}«^(lj 



. ^ (AjAfc)"2'' 



< c 



^ ^ -(n-4) 

J2 i{Kdi){Xkdk))^ = 0(1). (3.25) 



k=l V^j'^H) k=l 

ii/ in other cases, we have joj — aj| > |max((ii, dj), then 

^'ef~' < ^{K\j\a, - a,f )-i < (A,|a, - a,!)-^ = O {{Kdi)-^) 



A 



and (3.25) follows in this case. 

Using (3.22), (3.23), (3.24), and (3.25), we see that 



> ((n - 4)/2) J2 E ^^^(1 + - 2" E ^^(«- %)(^^^.)'^ + ^ ■ 
2eT2 VjVi i=i / 

Since i E T2 and H^{ai, a^) ~ c/d'^~'^ for £ small enough (this fact can be shown as in the 
proof of Lemma 4.2 of [1]), then 

o^^E + (i+o(i))+i?i. 
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Therefore claim (a) follows. 

The proof of claim (6) is based on (3.22) and claim (a). □ 

Now, in Ti we order all the Ajdj's: Xj^dj^ < \j2dj2 < ■■■ < ^jq^^jq- order to simplify our 
notations, we suppose that Ti = {1, 2, q\ and Xidi < \2d2 < ■■■ < Xqdq. 
Let us introduce the following sets: 

Ko^Ue Ti/3ki, km e Ti s.t. k, = i, A;^ = 1 and J^^^' ~ ^^:'+^ < < (3.26) 
S = iron{l, ...,/}, (3.27) 

where / = max{i e Ti s.t. \kdk/\k-idk-i < Ci Wk < i} and Co and Ci are positive 
constants chosen later. 

Lemma 3.7 Let B be defined by (3.27). Then, {1} ^ 5. 

Proof. We argue by contradiction. We assume that B = {1}. 

Using Proposition 3.4, and the fact that H^{ai, a^) ~ c/d^~^, we derive that 

0= (vi(«.),A,^) =2JWc, [-(!i^a.^^(l + <,(l))+0(geH) 



Thus 



0<-c{X^d,y-^ + O{J2elk). (3.28) 

Observe that : 

- for k G T2, by Lemma 3.6, we have eik — o ((Ai^i)^""')). 

- For k E Ti, two cases may occur : 
If /c > /, then 

< 2^+^ H^{ak,aj) ^ ^ ^ c 

< {{\idi){\,d,))"-^ + R,. (3.29) 

Thus, using Lemma 3.6 and the fact that Ci large enough, we obtain Si]^ = o{{\idiY~'^) . 
Otherwise, we have k ^ Kq, then |ai — afe| > Co inf ((ii, rffc), then 

< (AiAfelai - afel^)"^ < C^""")/' ((Aidi)(Afe4))'^ = o ((Ai^i)'-") 
if we choose Co large enough . 

Thus (3.28) yields a contradiction and our lemma follows. □ 
In order to finish the proof of of Theorem 3.1, it is sufficient to prove the following lemma. 
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Lemma 3.8 For n >6, we have rf" ^ps — > and dT' Pb — 0, when e — > 0, 
where d — infi(zBd{ai,dA^) and pb = p{ciii, with B = {ii, ...,im} the set defined 

by (3.27). 



Before giving the proof of this lemma, we begin by studying the vector A defined by 

A=(V )■ (3-30) 



Let Mb — M{ai, i E B) the matrix defined by (2.3) and pb its least eigenvalue. We denote 
by e the eigenvector associated to p^. As in [4], we can easily prove that all components 
of e are strictly positive. Let ?7 > be such that for any 7 belongs to a neighborhood 
C(e, Tj) of e, we have 

^M., - < ^I7r and ^ (^ + o(-^)) (3.31) 

and for 7 G (M^)™' \ C(e, r}) , we have 



d 

where 

C(e,r;)c{2/e(M;)™5.t|^-e|<r^}. 



7il^7-Pii|7r (3.32) 
1/ 



Lemma 3.9 Let A &e defined by (3.30). Then A e C{e,r)). 

Proof. We argue by contradiction. Wc assume that A G (M'i_)™ \ C{e,ri). Let 

^ ,,, (l-t)A + t|A|e _^ ^ 
I l|(l-^)A + t|A|e| • \y{t)\- 

Prom Proposition 3.4, we derive that 

(VJ(«.),Z)|,=o = -4 rA(^)M^A(t))|^^„ + [ Yl 'A {(xJY^) 

\ieB,j€{Ti\B)UT2 J \K I I) / 

where Z is the vector field defined on the variables A along the fiow line defined by A(t). 
Observe that 

= |A(0)r| (pb + ^^^(^A(O)MM(O) - PB\m\') 

= \m\' (^^^(^A(O)MbA(O) -pB|A(0)r)(-(l -t)|A(0)| < e,A(0) > -t\A\') 
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Thus 

(VJK),Z)|,=o = -^rAMBA-pB|Ar)(-|A| <e,A(0) >) 
+ o((Ai(ii)^-")+0 I Yl 

\ieB,je{Ti\B)UT2 

Since |e| = 1, then there exists ko such that e^g > ^. Thus 

< e, A(0) >= VeiAi > — Afe^. 

Using (3.32), we obtain 

(VJK),Z)|,=o > cc3ci'-"|A|Afc„ + o((Airfi)^-")+o( J] 

,iGBjG(Ti\S) 



> c [XidiXkodko) ^ + 



Observe that 

- if J > I, since j' G Ti, using (3.29), we have Sij — o{XidiXkodkoY'^~'"^^'^ ■ 

- if j Kq and j < I 



n — 4 /A \ /r» 4 — n 

1 A ~ < c-i ^"^^ ^ Co~cr"' 

XiXjltti - ttjl'^ J (XidiXjdj)^ (Ai(iiAfco4J V V(Ai(iiAfc(,4J" 

if we chose Cq >> C*!- Thus 

> (c(AirfiAfc„4o)'^) +o((Aicii)^-'^) > {{X.d,)^-^) (c(Cr)'^ +0(1)) > 0. 

This yields a contradiction and our lemma follows. □ 

Proof of Lemma 3.8 Observe that, as in (3.28), it is easy to prove that, for i,j in Ti, 
we have (Xi/Xj + Xj/Xi)e'^j^"'~'^^ — o(l) and therefore 

= (A,A,>i - %r)^'""^^' (1 + 0(1)). (3.33) 
Since is a critical point of J, we have 
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Using Proposition 3.4 and (3.33), we derive that 



en) + R 



iG(Ti\S)UT2 



jeiTi\B),ieB 



Observe that, for i G S and j e Ti \ B, we have, as in the proof of Lemma 3.7, Eij — 
o((Aicii)^-"). Thus 



=^ AMbA + o ((Aidi)^-'*) 



(3.34) 



We assume, arguing by contradiction, that d"'~'^pB -/-^ 0, when s — > 0. Therefore, there 
exists C4 > such that > C4 . 

Now we distinguish two cases 
l^*case :pB > 

In this case, we derive from (3.34) 

> ps|Ar + o ((Aidi)^-") > C4|A|'d^-" + o ((Aidi)^-") > 0. 

This yields a contradiction and we derive that d"'~'^pB — ^ in this case. 
2"'^ case : ps <0- In this case, we derive from (3.31) and (3.34), 

< Pb\A\^ + C2\Afd^-^ + o {{XidiY-^) < |A|2rf4-" (p^ rf"-4 + C2) + o ((Aidi)^-") 

< |A|V-'^(-C4 + C2) + o((Aicii)^-"). 

If we choose C2 < IC4, we obtain a contradiction. Then d^'^pB — 0, when e — also 
in this case. 

Observe that, since d^~^pB — > 0, then there exists C5 > such that |aj — %! > C^d, for 
any i,jGB and i 7^ j. 

We assume, arguing by contradiction, that d^~^V Pb 7^ when e — > 0. 

Since is a critical point of J, we have {VJ{ue),X~^{dP5i)/{dai)) — 0. For i e B, using 

Proposition 3.5 and (3.33), we derive that 



= -A^A+oi y: 



de 



{ai,aj) 



+ o 



di (Aidi)" 



-4 



+ XiR + olj2 AiAjloi - aj\£-r^ ] + ^ [Yl ^^^^^ 



Observe that: 

- for j G T2, we have, by Lemma 3.6, Aj£jj = o{d^^{\idiy^^'') 
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for j G Ti \ Kq, since {d/dai)H[ai, aj) < ^H{ai, aj), wc have 



I (^^ij I 



1 :dH, 



{ai,aj)\ < 



n — 4 
2 



+ 



Q/'j Cij I I CE*?! CE") I 



1 1 "-t-t U/j I 



(4-n)/2 



< cCj^-'*^/'d-^(Aidi)^-" = o (ci-'(Aidi)^-") . 



- for j > I, two cases may occur: 

i/ The first case is when dj/2 < di < 2dj. Using the fact that j G Ti, we obtain 



dei 



+ 



yctii (Xj J 

dai 



< c^X^j^ 



+ 



{XkdkXjdj)"^' V(Mi)" ^d 



di {XidiXjdjY-i 
1 



< 



Ca/A,A 



+ 



{XidiXjdjYl^ ^ ^^^^^-ji-3(A,d,)^ V(^ic?i)" 
As in (3.29) we obtain 

1 



+ 



1 




(A.A,)^ 





d{X,d,Y 



-4 



ii/ In other cases, we have \ai — aj\ > ma.x{di,dj)/2. Then 



dai 



(A,A,) 



n — 4 
2 



dai 



{ai,aj) 



< 



+ 



(A,A,)("-^)/2|^_a.|n-3 d,(X^d,Xjdj)(-^y^ 



< 



< 



diiXidiXjdj)"^ - \{Xidrr-*dJ \d{X,d,) 

for j e Ti, as in the previous case, it is easy to see that 

AiA.la^ - a.lsf^ - o {d{Xidif-'') , 



n— 4 



Therefore, by (3.31), we have 



dm 

dai 



rp . U ivl fi . 

=^ A— -^A + o 



d{X,d,) 



n— 4 



ci(Aidi) 



n— 4 



Thus 



0>(|VpK- + o(1))^ + o(-^ 



ci(Aicii)"-4 



> 



This yields a contradiction and our lemma follows. 



□ 
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4 Proof of Theorem 1.1 

Let us start by proving the following result : 

Theorem 4.1 For n>5, let Cq > and let (xi, X2, Xk) e such that 

d^~'^Pe{x-i, ...,Xk) — when £ — > and \xi — Xj\ < Cod, Vi, j, 
where d — min{d{xi, dA^)/! <i< k}. Then we have 

d'^~^'Vpe{xi, ...,Xk) -/-^ 0, when e ^ 0. 

To prove Theorem 4.1, we introduce some notation and recall some result. 

Let {xi, Xk) G A^ such that 

d'^~'^Ps{xi, ...,Xk) — ^ when s — > and \xi — Xj\ < Cod,\/i,j, (4.1) 

where Co is a fixed positive constant and d = mini<i^kd{xi, dA^). 
We may assume, without loss of generality, that di = infi<i<kdi- 
Now we introduce the map 

Aq ^ A^^ X I ^ X = d-^ (^x "^-i}' 

As in the proof of Lemma 3.1 of [1], we easily derive that 

Pe{xi, Xk) = di~"pe(0, X2, Xk), (4.2) 

where p^ is the function defined, replacing A^ by in (2.3), and A^ converges in the C^ 
-topology on every compact set to fl , where Q is a half-space or a strip . 

Observe that \xi\ < Co,yi E {2, k} . 
Now we have the following Lemmas : 

Lemma 4.2 For £ > 0, let 

Fk{e) = {(Xi, Xk) e Al/3i ^ j s.t Xi = X,} 

Then ps converges in the -topology to po, , whene — > , on every compact set which 
does not intersect V , where V is any neighborhood of Fk{e) and pci is the function defined, 
replacing A^ by Q'^ in (2.3). 

The proof of Lemma 4.2 is similar to that of Lemma 4.1 in [1]. 
Lemma 4.3 let pn the function defined replacing A^ by ft'' in (3). Then the map 

]0,1] ^M, t ^t"-Vn(0,tX2,...,tXfc) 

decreases when t decreases for any X2, ■■■■Xk G ^2. 

The same arguments in the proof of Lemma 4.5 in [1] prove easily our lemma. 
Proof of Theorems 4.1 and 1.1 From (4.1), (4.2) and Lemmas 4.2 and 4.3, we easily 
deduce Theorem 4.1. Lastly, Theorem 1.1 is an easy consequence of Theorems 2.1, 3.1 
and 4.1. □ 
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